The main results of this short note follow from the framework created in [LO2] for the study of symplectic circle actions on symplectic manifolds. With this in mind, we now turn to a brief review of that framework.
Review of the λα-invariant
An S 1 -action and its orbit map may be generalized to produce certain basic elements in the fundamental group of M and of the function space (M M , 1 M ) in the following manner. Say that an element α ∈ π 1 (M ) is in the Gottlieb group of M , denoted α ∈ G(M ), if there is an associated map
such that A| M = 1 M and A| S 1 = α. From [Go1] and [Go2] , we know certain things about G(M ). In particular, we know that
By the exponential law, there is a mapα : (s, x) , such that evaluation ev(f ) = f (p) of a function at a basepoint m ∈ M satisfies ev •α = α. Hence, ev # (α) = α where ev # : π 1 (M M , 1 M ) → π 1 (M ). Note that a group action A : S 1 × M → M provides a Gottlieb element α A| S 1 which may be identified with the homotopy class of the orbit map a : S 1 → M . Also note that it is possible for α to be nullhomotopic, butα to be essential. For this reason, we shall be more interested in the associated map A and its adjointα than in the (possible) Gottlieb element α.
There is a classifying space Baut(M ) for fibrations with fibre M which obeys π i+1 Baut(M ) = π i (M M , 1 M ). Therefore,α ∈ π 1 (M M , 1 M ) corresponds to an element in π 2 Baut(M ) represented by a map S 2 → Baut(M ). Pulling back the universal fibration with fibre M gives a fibration
Such a fibration has a Wang sequence associated to it,
There is a beautiful connection between the Wang sequence and the map A. Namely, for any u ∈ H q (M ),
whereσ ∈ H 1 (S 1 ) is a chosen fixed generator, α = ev # (α) and × is the external product. In case u ∈ H 1 (M ), we have α * (u) = λα(u)σ, with λα(u) ∈ H 0 (M ) = Q, and the expression ( †) may be rewritten
For further details on the derivation λα, see [Go3] . We have a basic result, which follows immediately from the exactness of the Wang sequence. 
is said to be cohomologically Hamiltonian, or c-Hamiltonian, if λα(ω) = 0. Ifα comes from an S 1 -action and λα(ω) = 0, then we say that the action is c-Hamiltonian.
For the moment, let M be an N -dimensional manifold, with top class μ ∈ H N (M ; Q). For applications we will specialize to a c-symplectic manifold (M 2n , ω)
, where σ is a generator of H 1 (S 1 ; Z) dual toσ ∈ H 1 (S 1 ; Z) and γ * is the map on homology induced by γ : S 1 → M . Our initial goal is to clarify the relationship between λα and h(α). First, recall that Poincaré duality may be characterized in terms of cup, cap and Kronecker products:
Since u is in degree 1, we have α
Our first result follows immediately from these observations.
Combining Lemma 1.4 with another general observation yields the following result.
We have the equivalences Proof. Since λα is a derivation, we have λα(ω n ) = n ω n−1 λα(ω) = 0.
The Lefschetz type hypothesis allows for the implication of Proposition 1.6 to be reversed.
ω) be a c-symplectic manifold of Lefschetz type and let
Then the following are equivalent:
Proof. In light of Proposition 1.6, we need only show that h(α) = 0 implies λα(ω) = 0. Now, by Lemma 1.4, h(α) is Poincaré dual to λα(ω n ) = n·λα(ω)∪ω n−1 . By duality, h(α) = 0 then implies n · λα(ω) ∪ ω n−1 = 0 and, by the Lefschetz type hypothesis, this can only happen if λα(ω) = 0.
c-Symplectic maps and the λα-invariant
In this section, let (N 2n , ω N ) and (M 2m , ω M ) be c-symplectic manifolds with S 1 -actions
Let f : N → M be a based homotopy equivariant map which is c-symplectic. We shall always require our maps between c-symplectic manifolds to be basepoint preserving, and homotopy equivariance will refer to basepoint preserving homotopies. Homotopy equivariance is expressed by a homotopy commutative diagram
This diagram provides the link between λα N (ω N ) and λα M (ω M ).
the adjoints of the respective actions
Proof. We can compute two ways using homotopy equivariance:
By comparing the expressions, we see that f
Proposition 2.2. With the notations above, ifα M is c-hamiltonian, then so isα N .
Remark 2.3. Note that an equivariant map f : N → M satisfies the above. In particular, a symplectic map of symplectic manifolds which is equivariant with respect to S 1 -actions fits the situation. Therefore, if the action on M is Hamiltonian, then so is the action on N .
We can relate these ideas to the notion of Lefschetz type as follows. 
The homotopy equivariance of the map f provides a homotopy commutative diagram
Then by the naturality of the Hurewicz map, we have Remark 2.5. In fact, all that we have said above for S 1 -actions also holds for maps A : S 1 × N → N which may not be actions, but which are adjoints of elementŝ α N ∈ π 1 (N N , 1 N ). Given such maps for N and M and a homotopy commutative diagram
we can carry out the proofs of the results above with no changes. This will prove important in the next section.
c-Symplectic maps of aspherical manifolds
Let us apply the results above to the case where (N, ω N ) = (K(π, 1), ω π ) and (M, ω M ) = (K(ρ, 1), ω ρ ) are c-symplectic aspherical manifolds and f : K(π, 1) → K(ρ, 1) is a c-symplectic map between them. Here, we can do without the necessity of requiring S 1 -actions on the manifolds because it is a fact that any (effective) S 1 -action A on an aspherical manifold K has an orbit map α : S 1 → K which induces an injection α # : π 1 (S 1 ) → π 1 (K) whose image, in fact, must lie in the center of π 1 (K) (which is of course G(K)). Therefore, in the case of aspherical manifolds, we can turn our attention from S 1 -actions to the centers of fundamental groups instead. Indeed, for an aspherical space K, it can be shown that
so thatα K and α K always correspond in this case. We shall assume this identification below when we show Proof. First notice that, because α π is in the center of π, there is a homomorphism
n π g and similarly for α ρ . We then have a commutative diagram
We can also make the computation
Because maps between aspherical spaces are classified at the fundamental group level and π 1 (S 1 ) = Z, this gives a homotopy commutative diagram
By Remark 2.5, we may now apply Theorem 2.4 to this situation to obtain the result.
It is known that nilmanifolds of Lefschetz type (e.g. Kähler nilmanifolds) are diffeomorphic to tori. The proof of this fact in [LO1, Theorem 3.1] (or in [O, Theorem 2.3 .10]) may be interpreted as saying that, for a c-symplectic non-toral nilmanifold K(π, 1), there always exists an element
α π is not c-hamiltonian). We can use this interpretation and the results above to propagate the non-Kählerness of nilmanifolds by c-symplectic maps as follows. (K(π, 1) , ω π ) be a c-symplectic nilmanifold and suppose that (K(ρ, 1), ω ρ ) is a c-symplectic manifold such that f :
Corollary 3.2. Let
Proof. By Theorem 3.1, since α π satisfies the conditions of Proposition 1.6, but is not c-hamiltonian, then the same holds for α ρ . This, however, contradicts Theorem 1.8, since, by hypothesis, K(ρ, 1) has Lefschetz type. Hence, the nilmanifold K(π, 1) must be a torus since α π always exists for non-toral nilmanifolds.
Remark 3.3. Corollary 3.2 would apply, in particular, to the case of a nilmanifold N c-symplectically embedded as the fibre of a Mostow fibration
where S is a solvmanifold and T is a torus. If α π may be extended to an element in the center of π 1 (S) and S has Lefschetz type, then N must be a torus. By our remarks above about S 1 -actions on aspherical manifolds, such an extension would take place if the free S 1 -action on N given by α π may be extended to all of S. Also note that, for completely solvable solvmanifolds, a symplectic form on S may be chosen which restricts to one on N ( [BG] ).
Some related questions
R. Gompf showed that any finitely presented group can be realized as the fundamental group of certain symplectic 4-manifolds. More recently, in [IKRT] certain restrictions were found on the groups that can arise as fundamental groups of symplectic manifolds where the symplectic cohomology class annihilates the image of the Hurewicz homomorphism. These are the so-called symplectically aspherical manifolds. A fair amount is known about the homotopy theory of symplectically aspherical manifolds (see [LO2] as well as the reference [IKRT] mentioned above), but these manifolds are very special. In particular, these are the manifolds that are amenable to a homotopical proof of the Arnold conjecture on fixed points of hamiltonian diffeomorphisms (see, for instance, [RO, CLOT] ). These are just first steps in understanding the homotopy theory of symplectic manifolds and certain classes of symplectic manifolds.
The first homotopical question that arises concerns the Gottlieb groups of symplectically aspherical manifolds. From [LO2, Theorem 4.12, Corollary 5.13], we know the following. Here we see that homotopy theory and geometry of M intertwine. In fact, however, this type of result is rare for Gottlieb groups. Indeed, it seems to be unknown if all finitely generated abelian groups arise as Gottlieb groups of compact manifolds. The result above, however, says that the following question may have an answer.
Question 4.2. What are the Gottlieb groups of symplectically aspherical manifolds?
A more fanciful line of thought asks
Question 4.3. What restrictions, if any, are placed on the Gottlieb groups of manifolds of Lefschetz type?
The Gottlieb group is also known to lie inside the subgroup of π 1 (M ) consisting of all elements that act trivially on all higher homotopy groups (under the standard action). This brings up a general question about symplectic manifolds. Recall that a space X is nilpotent if π 1 (X) acts nilpotently on π j (X) for all j ≥ 1. The methods of homotopy theory and, especially, rational homotopy theory, work best for nilpotent spaces. So, if we are to make use of these methods, then it would be very nice to know the answer to the following This is a question which connects geometry and homotopy theory in a fundamental way. Although we do not know of any general results in this direction, here is a result that gives a slight indication of how the action of the fundamental group on higher homotopy may be recognized in the symplectic world. While the proposition holds in general, it pays to think of ω as the symplectic (or c-symplectic) class. For a symplectic manifold (M, ω), the condition of symplectic asphericity is equivalent to the condition that ω = f * ( ω), where f : M → K(π 1 (M ), 1) classifies the universal cover and ω is some class in H 2 (K(π 1 (M ), 1); R) (see [LO2] ). Hence, p * (ω) = 0, where p : M → M is the universal cover. On the other hand, the result below applies to the generic case of symplectic manifolds that are not symplectically aspherical. The proposition is a special case of one found in [LMP] , but the homotopical proof is new. [LO1] , any symplectic (or c-symplectic) homogeneous space A must be of maximal rank, and hence has H odd (A; Q) = 0.
Proof of Proposition 5.1. If i • f :
A → E were nullhomotopic, then f would factor through the connecting map in the Puppe sequence, ∂ : ΩB → A. Then Theorem 5.3 below would imply that f is rationally null, a contradiction.
We shall now give a new proof of the fundamental theorem of Lupton and Smith. Their original proof used minimal models, but here we use only classical homotopy theory. Since we are taking rationalizations in the theorem, from now on we will simply take A and X to be rational spaces. Also, by Hopf's theorem, we can take the H-space through which f factors to be a product of K(Q, j)'s.
First, let us recall a standard result. Let X n denote the n-th Postnikov term of X. (Also, for later use, recall that the n-connective cover of X, denoted X n , is the homotopy fibre of X → X n .) Milnor showed that, for any space K, there is a short exact sequence
where SK denotes suspension. The result above is sometimes expressed by saying that there are no rational phantom maps. Therefore, in order to understand the homotopy class of a rational map K → X, it is sufficient to understand the projections to all Postnikov pieces.
